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ABSTRACT 

When testing with the t-test, it is assumed that the 
sample under investigation is from a normal population. The 
purpose of this thesis is to examine the sensitivity of the 
t-test to violations of this norm.ality assumption. A com.- 
puter simulation was performed to draw sets of 10,000 samples 
from an infinite V/elbull population. A t-test v;as performed 
on each sample to test the null hypothesis y £ where 

y^ was the true mean of the V/eibull population. The number 
of times that was rejected was recorded for all combina- 
tions of eight levels of significance, samples ranging in 
size from 2 to 31, and for values of the parameters of the 
distribution X = 1,2,3 and B = 1,2,3. 
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I . INTRODUCTION 



A. GENERAL 

In statistical experimentation it is sometimes desired 

to test the assumption that the mean, y , of a statistical 

population is in some v/ay related to a hypothesized value 

y^. To evaluate the assumption, a null hypothesis is 

formulated about y, and tested against an alternative 

hypothesis, H, by taking a sample from the population under 

X - y 

investigation and forming the t-statistlc t = . In 

^ n S/ 

this transformation x = — E Xj^ is the sample average, 

1 n _ 2 k=l 

S = — If- E (x -x) is the unbiased sample standard deviation, 
k=l ^ 

n is the sample size, and y^ is the hypothesized population 
mean . 

The cumulative t-dlstrlbutlon has been tabled for various 
values of n, and levels of significance a. When testing the 
null hypothesis y £ y^ against the alternative hypothe- 

sis H: y > y^, the procedure is to reject if the calcu- 
lated t is greater than or equal to the tabled (critical) 
t(n degrees of freedom at the 1-a conflcence 

level where t/ \ is obtained from the upper tall of 

the t-dlstrlbutlon. Similarly, if the null hypothesis 
^o' ^ tested against H: y < y^, the null hypothesis 

is rejected if t < -t/ a where -t , tn/t ^ Is 

— (n-D(l-a) (n-D(l-a) 

obtained from the lower tall of the t-distrlbutlon . In the 
case of a two trailed test, the null hypothesis y = y^ 
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is tested against H: y 7 ^ and is rejected if 

i -‘(n-l)(l-a/2) or If t > (Ref. 51. 

B. BACKGROUND AND PURPOSE 

When testing with the t-test it is assumed that the 
sample under investigation is from a normal population. In 
general, the purpose of this thesis is to examine the 
sensitivity of the t-test to certain violations of this 
normality assumption. 

Some previous v/riters, e.g. Bartlett [ 1 ] have investi- 
gated the theoretical distribution of the t statistic, when 
sampling from an infinite non-normal population. Bartlett 
concludes from his study that even though his v/ork was 
incomplete, and not of much quantitative value, it does 
Indicate that for moderate departures from normality the 
t-test may still be used with confidence, particularly for 
testing differences in means of equal numbers of observations. 

In a different approach, Pearson [ 6 ] describes how he 
mechanically drew samiples from an Infinite non-norm.al popu- 
lation. In the case where the m.eans of only tv;o sam.ples 
were being tested for equivalence, the value of t was cal- 
culated for each sample to empirically obtain some idea of 
the frequency distribution. Using a chi square test to fit 
the observed t to a theoretical t distribution did not 

appear to bring out any systematic discrepancy. Taken as a 

2 

whole the values of x v/ere higher than should be expected 
if the variation from theory v.'as solely due to chance. Also 
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the fits on the whole were better for larger size samples. 
However, Pearson never drew more than 1000 samples. A 
greater number of samples is needed to determ.lne the five 
percent point, and more so the one percent point, since the 
number of rejections at these levels is so low. 

Specifically, this thesis examined the effect of sampling 
from a non-normal population, on the number of times the 
null hypothesis was rejected (given that the null hypothesis 
was true) when testing with the t-test. The probability of 
such an event is commonly known as a type I error. If the 
observed number of rejections obtained v;hen sam.pllng from a 
non-normal distribution is near the expected number of 
rejections that should be obtained by sampling from a normal 
distribution, it will be possible to use the t-table as if 
the sample had come from a normal distribution. However, if 
the observed number of rejections (when sampling from a non- 
normal distribution) is significantly different from the 
expected number of rejections that should have been obtained 
by sampling from a normal distribution, it v;ill be necessary 
to adjust the procedure for using the t-table to estimate a 
critical t value. 

C. WEIBULL DISTRIBUTION 

The non-normal distribution of interest is the V/eibull 

ft — *1 — X X ^ 

distribution with distribution function f (x)= X6x^~ e 

X/ S 1 

The expected value of the random variable X is X~ f(-^+l) 

p 

and the variance is | f(2/6 + 1) - [r(l/6+l)]^| [Ref. 31. 
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The Weibull distribution frequently appears in reliability 
theory and life testing, where the random variable X repre- 
sents the time between failures. V/hen the shape parameter 
8=1 the Weibull distribution reduces to the exponential 
distribution which has applications in queueing theory as 
well as reliability theory and life testing. 

The Weibull distribution takes on a variety of shapes, 

m 

depending on the value of the parameter 8. The spread of 
the distribution is determined by the value of the param.eter 
X. One might therefore expect that the "t-statistic" 
obtained by sampling from a Weibull distribution will some- 
how depend on the values of 8 and X. If this is true, the 
number of rejections, given that the null hypothesis is 
true, will also depend on the parameter values. To examine 
this possibility, combinations of X=l,2,3 with 8 = 1,2,3 
were used to develop 9 distributions from the family of 
Weibull distributions. Tables I and II below give the 
resultant means and variances for the 9 sets of parameter 
values . 



TABLE I TABLE II 

Means Variances 



X^ 


1 


2 


3 


X^ 


1 


2 


3 


1 


1.00 


0.886 


0.893 


1 


1.000 


0.216 


0.1067 


2 


0.500 


0.626 


0.708 


2 


0.250 


0.108 


0 . 066 i| 


3 


0.333 


0.511 


0.618 


3 


0.111 


0.072 


0.0511 
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Figure 1 shov;s the shape of the V/eibull distribution 



for the parameter values above. 




Figure 1 
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II. METHOD 



A. GENERAL 

To examine the "robustness" of the Student t-test when 
sampling from a Welbull distribution, a computer simulation 
was performed to repeatedly draw samples of size 1 from an 
Infinite V/elbull population. A t-statlstlc was calculated 
for each sample and used to test the null hypothesis that 
the sample was drawn from a population with a mean equal to 
or less than y^. To ensure that the hypothesis was in fact 
true, the hypothesized mean y^ was set equal to the mean y 
of the Welbull population. Each time that the null hypothe- 
sis was rejected, the result was recorded for the level of 
significance, a., at which the test was conducted, and the 
size of the sample. The total number of observed rejections, 
r^j , was computed at each of eight different levels of 
significance , j=l,...,8 In the t-test, and for samples of 
size i = 2 , . . . , 31 . 

For comparison, and to assist in validating the com.puter 
program, the entire experiment was repeated with sampling 
from a standard normal distribution. As with the V/eibull 
case, computer simulation was used to repeatedly draw 
samples of size i. For each sample, a t-statlstic v.’as 
calculated and used to test the null hypothesis that the 
sample was drawn from a population with a mean y equal to 
or less than y^. Once again the hypothesized mean y^ was 
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set equal to the population mean y = 0. The number of 
rejections was recorded as in the V/elbull case. 

B. SAMPLING TECHNIQUE 

Using the random number generator RANDU provided for 
Fortran IV with the IBM System / 36 O Source Library, uniform 
random variates were generated on the Interval (0,1). 

J. N. Bramhall [2] in a report that discusses a comparison 
of three uniform random number generators for the IBM 360, 
fitted RANDU to a uniform (0,1) distribution with a Chi 
Square test at the 95^ confidence level. 

The uniform random variates obtained from RANDU were 
subsequently used to produce Weibull random variates by 
the inverse transformation method [4] . Since the cumulative 
frequency distribution P(x) ranges over the Interval (0,1), 
the uniform (0,1) random variates, V, that were generated 
from RANDU were set equal to P(x). Solving the resultant 
equation for x produces random variates with the distribu- 
tion function desired. 

-Xx^ 

In the case of the Weibull distribution F(x) = 1 -e 
Setting F(x) = V and solving for x yields 

-Xx^ 

F(x) = V = 1 - e ^ 

-Xx^ 

= 1 - V 
— Xx^ 

£n e ^ = In (1-V) 

Since the distribution of V is symmetric 
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in V 



-Xx 
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„6 _ -in V 
^ " X 




Here, V represents uniform random variates on the interval 
(0,1), and X and 6 are again the parameters of the V/eibull 
distribution , 

Normal random variates were obtained using the sub- 
routine GAUSS provided by the IBM System/360 Source Library. 
The Central Limit Theorem states that the probability 
distribution of the sum of n Independent and identically 

distributed random variables X. , with mean y. and variance 

1 1 

2 

a. approaches asymptotically a normal distribution v/lth 

^ 2 n ■ 2 2 

mean y and variance , where y = 2 y. and o‘^ = Z a. . 

i=l ^ 1=1 ^ 

Subroutine GAUSS calls RANDU to produce n uniform random 

uniform random variates V., on the interval (0,1). The 

^ n 

expected value of the sum E( E V.) = and the variance of 
n i=l ^ 

the sum Var( Z V. ) = — • Making the transformation 

i =1 ^ 

1 -^n 

Z V.-n/2 
Y— ECY) ^ 

Z = — ^ — - = yields a standard normal random 

NIJ) /n7T2 

variate. A normal random variate X with any desired mean 

2 

y„ and variance a is obtained from X = a Z + y . Sub- 

^X X X X 

routine GAUSS sets n at 12, which eliminates the radical 
in Z and speeds up the computation. 
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C. TESTING PROCEDURE 



For each sample, the sample average and standard devia- 
tion were calculated. A t-test was then conducted on each 
sample to test the null hypothesis : U £ where was 
the true mean of the population from which the sam.ple v;as 
drawn. The calculated value of t was then compared V 7 ith 
the critical (tabled) t for the appropriate sam.ple size 
i = 2,..., 31, and significance level , j = 1,...,8. If 
the calculated t was equal to or greater than the critical 
t the null hypothesis was rejected. The num.ber of rejec- 
tions r. . was recorded for each level of significance a. 

ij ' J 

at which the null hypothesis was tested, and for sam.ples of 
size 1 = 2 , . . . , 31 . 
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III. METHOD OF ANALYSIS 



Once the number of rejections r^^ was determined (given 
that the null hypothesis was true) for each level of sig- 
nificance a., j = 1,...,8, and for all sample sizes 
J 

i = 2,...,31> it was necessary to determine if the number of 

observed rejections were significantly different from the 

expected number of rejections e.. The expected number of 

J 

rejections, assuming a normal population, was obtained by 
taking the product of the probability of a type I error, a 
(l.e,, the probability of rejecting the null hypothesis when 
in fact the null hypothesis is true), and the number of 
times the test was repeated with a different sample. For 
each size sample, the null hypothesis P was tested for 

10,000 different samples at the level of significance. 

The values of a. that were used, and the resultant expected 
number of rejection e. is shown below in Table III. 



TABLE III 



J 


2 


3 




5 


6 


7 


8 


a . 

3 


.25 .20 


.15 


.10 


.05 


.025 


.005 


. 0005 


e .=(10,000)a. 
V J 


2500 2000 


1500 


1000 


500 


250 


50 


5 



To determine if the observed number of rejections was 
significantly different from the expected number of rejec- 
tions, a Chi Square test with one degree of freedom was 
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conducted to evaluate the null hypothesis H : r. . = e . 

^ 1 J J 

for each value of r. . . Table IV is the contingency table 

^ J 

for the Chi Square test. 



TABLE IV 







Number of times 

H accepted 
o 


Number of times 
rejected 


Total 


Expected 


number 


10000-e . 

tJ 


®j 


10000 


Observed 


number 


10000-r. . 

ij 


•H 


10000 



The Chi Square statistic was obtained by calculating 

2 C®i“^li)^ (^ii“^i)^ 2 

X = ^ ’ . VJhen the calculated x was 

10000-e- e 

greater than the critical x with one degree of freedom 



at the 1 - a confidence level the null hypothesis 
was rejected. An example of the method of analysis is 
given in Section VII. 



r . . =e . 

ij J 
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IV. OUTPUT 



The output obtained from the computer simulation v/as 

the observed number of times that the null hypothesis 

Hq! U £ Uq was rejected, when in fact the null hypothesis 

was true. As previously indicated r^^ was obtained for 

j = 1,...,8 levels of significance in the t-test, and for 

samples ranging in size from i = 2,..., 31. For each r. . , 

^ J 

the probability of a type I error, y, . was obtained by 

^ J 

taking the ratio of the number of observed rejections to 

r. . 

the number of samples M = 10,000 tested, e.g., y^^. = -[^qqqq 
A ppendices A-J table the values of y^^ for each of the 
ten cases examined (sampling from a standard normal distri- 
bution, and sampling from a Weibull distribution with nine 
sets of parameter values). The values of the index 
i = 2,..., 31 again represent the sample sizes used, and 
j = 1,...,8 reference the levels of significance for which 
each sample was tested (see Table III). Probabilities that 
appear with an asterisk, l.e. y^j represent a situation 
where the number of observed rejections r. . was significant- 

J 

ly different from the expected number of rejections e. at 

J 

the .01 level of significance. Probabilities appearing vrlth 

/ 

a check, i.e. y^^ represent the same situation at the .05 
level of significance. 



18 



V . RESULTS 



A. NORMAL CASE 

In review, for the normal case samples were drawn from 
a standard normal distribution. A one tailed t-test was 
conducted on each of 10,000 different samples at eight 
levels of significance to test the null hypothesis 
Hq! V £ V*q* The process was repeated for samples ranging 
in size from 2 to 31. 

As anticipated the observed number of rejections r. . 

did nearly equal the expected number of rejections e. in 

J 

all cases. In fact the null hypothesis H : r. . = e. was 

o ij j 

accepted for all r. . at the .01 level of significance and 
rejected for only eight of the 2^0 r. . at the .05 level of 
significance. The rejections that did occur v;ere attributed 
to the stochastic nature of the testing procedure. 

Appendix A tables the results for the normal case. 

B. WEIBULL CASE 

The results of the simulation changed significantly 

when samples were drawn from a Weibull distribution. 

In general, for a given value of the parameter 6, and 

for fixed 1 and j, the observed number of rejections r. . 

was relatively insensitive to changes in the parameter A. 

However, for a given A, as B Increased, the r. . Increased 

J 

causing a decrease in the number of times that : r^^j=ej 
was rejected. In the three cases where g = 1, with the 
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exception of testing y £ at the .0005 level, 

* 

H : r.. = e. was rejected for all r . . at the .01 level, 
o ij J ij 

When testing H ; y < y at the .0005 level, H : r. . = e 

— o ’ o ij 



o 



j 

was rejected for most of the r^^ at the .05 level. Other- 
wise H : r. . = e. was accepted. The results were essen- 

J J 

tlally the same for the three cases where 6=2 with only 

* 

a slight decrease in the total number of times H : r. . = e. 

o IJ J 

was rejected. In the three cases where 6=3, the results 

were closest to the results expected if sampling had been 

from a normal distribution. In fact, for X = 3 the null 

hypothesis H : r. . = e. was accepted for 206 of the 2^0 r... 

o ij J ^ ij 

With few exceptions, the values of r. . tended to 

^ J 

Increase as the sample size Increased. This Increasing 

trend was difficult to detect for small values of a, 

possibly because the Increase was masked by the random 

fluctuations in r.., where the r, . were already small. 

ij ’ ij 

A final result of the experiment was that the r. . were 

J 

usually less than the expected number of rejections. In 
fact, the stronger hypothesis : r^^. £ e^ was accepted at 
the .95 level of confidence in all cases for all r, . . 

J- J 
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VI. CONCLUSIO!:S 



The results of the experiment suggest that the validity 

of the t-test is sensitive to the assumption of normality 

if sampling is done from a V/eibull distribution with the 

parameter values chosen in this paper. Accepting the null 

hypothesis H r. . < e. for any sample size and level of 
oij-j 

significance Implies that the probability of rejecting a 
true hypothesis is less when sampling from a VJelbull distri- 
bution than when sampling from a normal distribution. This 
will tend to cause the experimenter to announce too fev; 
significant results if the t-table is used as if sampling 
from a normal distribution. However, since the probability 
of making a false rejection y.., v;hen actually testing at 
the a level of significance has nov; been determined for the 
Welbull case, the problem of too few significant results 
can be overcome for any sample size by finding the critical 
t value corresponding to the desired level of significance 
. This procedure will be demonstrated in an example in 
the next section. 

In order to obtain a better estimate of the probability 
of rejecting a true hypothesis at the .0005 level of 
significance, more samples are needed. At this level of 
significance with 10,000 samples, the expected number of 
rejections is only five. The amount of deviation from the 
expected number of rejections was such that no rejections 
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frequently occurred in 10,000 samples. This implies that 
the probability of rejecting a true hypothesis is zero 
when testing at the .0005 level. However, based on the 
hypothesis that the observed number of rejections is equal 
to or less than the expected number of rejections, the 
probability of rejecting a true hypothesis when testing 
at the .0005 level is bounded between zero and .0005. 

The fact that the r. . Increased as the sample size 

ij 

Increased is supported by the Central Limit theorem. For 
large samples, the "pseudo t-distribution" formed by 
sampling from a Weibull distribution asymptotically 
approaches a normal distribution. Since this is also true 
of a "real t-distrlbution" where sampling is from a normal 
distribution, the observed number of rejections obtained by 
sampling from a Weibull distribution will approach the 
expected number of rejections for increasing sample sizes. 
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VII. EXAMPLE 



To illustrate the method of analysis, and to demonstrate 
a procedure for using a t-table to estimate a critical t 
value when sampling from a Welbull distribution consider 
the following example. 

Prom Appendix B the value = .0100 Implies that for 

samples of size four, and testing at the .05 level of 
significance with a one tailed t-test, that the probability 
of a type one error is estimated to actually be .0100 when 
sampling is from a Weibull distribution. If = .0100 

then r^^^ = 100 which implies 100 observed rejections of the 
null hypothesis Hq: y^l.O. Filling in Table IV gives the re- 
sults below. 

Number of times Number of times 

H accepted H rejected Total 



Expected number 


9500 


500 


10000 


Observed num.be r 


9900 


100 


10000 



m.- o ^ ^ 2 (500-100)^ , (500-100)^ 

The Chi Square statistic becomes x = ^qq ^ + g^QQ “ 

336. Since 336 is larger than the critical Chi Square with 



one degree of freedom at either the .05 or .01 level of sig- 

* 



nificance, the null hypothesis : r^^ = 500 is rejected. 

It can then be concluded that when sampling from a V/eibull 
distribution with X = 1, B = 1 and testing v/lth a one tailed 
t-test at the .05 level of significance for samples of size 
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four, that the observed number of rejections in significantly 
different from the expected number of rejections had the 
sample been from a normal distribution. Consequently, the 
probability of a type I error, when sampling from the above 
Weibull distribution, is significantly different from the 
expected probability of a type I error when sampling from a 
normal distribution. In fact, since the stronger hypothesis 
Hq': accepted, the probability of a type 

I error under the above conditions is less than the prob- 
ability of a type I error when sampling from a normal dis- 
tribution. As previously mentioned, this will cause the 
experimenter to announce too few significant results if a 
t-table is used as if sampling from a normal distribution. 
The experimenter is now faced with the problem of determin- 
ing a critical value that corresponds to the probability of 
a type I error for samples from a Weibull distribution. 
Returning to Appendix B to test the null hypothesis 
Hq ! for samples of size four at the .05 level of 

significance, where it is known that sampling is from 
Weibull distribution, it is observed that = 0.05 falls 

between the a = 0.15 and a = 0.10 columns. By entering a 
t-table at either the a = 0.15 or a = 0.10 level, for 
samples of size four, the experimenter will obtain an 
estimate of the critical value that corresponds to testing 
at the 0.05 level of significance for samples from a 
Weibull distribution. Choosing a = 0.15 will result in a 
larger critical value and a more conservative test. 
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VIII. EXTENSIONS 



The choice of the WelbuII distribution was mostly arbi- 
trary, even though reference was made to its application in 
reliability theory and life testing. The possibilities for 
extending this investigation to other non-normal distribu- 
tions are numerous. In addition to the common distributions 
with known distribution functions, blmodal and truncated 
distributions warrent investigation. It would also be 
interesting to examine the robustness of the t-test when 
sampling from non-normal distributions when two means are 
being compared. Also of Interest would be the case where 
the two samples are from different non-normal distributions. 
As indicated, the possibilities for extensions are numerous 
and limited only by the experimenters time. Interest, and 
needs . 
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APPENDIX A 

PROBABILITY OF A TYPE I ERROR, STANDARD NORMAL CASE 

Sample size 1 a=0.25 a=0.20 a=0.15 a=0.10 a=0.05 a=0.025 cx=0.005 ot=0.0005 

2 .2448 .1978 .1511 .1020 .0510 .0256 .0048 .0009 



CO o^c\J LnvD oncT\<^c^rH LOLnrH-=r i>-Lr\LnLr\onvD 

ooooooooooooooooooooooooooooo 
ooooooooooooooooooooooooooooo 
ooooooooooooooooooooooooooooo 



rHCOOncxJ^ I-HVD rHLnOt^-OCTMn^ C\JO^O C^OOVD^ 

KO ^ mLOLniTvin-^r^ irvin-^r-^r LTv-=r LTvLn.^-=r 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 



C^^^^C\JVD ont^c^^ rHLTvLnC\] rHCM C^C^OO OnOnt>-VD CXJVD^VD^ LOCO 

Ln^vD iJ^irxonc---^vo-=3'VD^vDvr) cxjvx:) on-=r c\j-=t-=t^ oninvc^co^ on 

C\JC\JC\jC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\JC\lC\JC\JC\JCMC\l 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOO 



a^co ^ SIT onovD c^uncxjc^ooono C 7 ^ocJ^o ot>-o iHovd o unooi>-rH 
<j\co I— I c^^cT^o onco i-n ctno onoo o inrH c^ct^ao iH ooo t^rH o cr»c\j t>-oo 

LnLn.::^- Ln-=r-=r^ Ln-=r-=r 

ooooooooooooooooooooooooooooo 



m c\j LT\^ Lf\^ c^^vDon-=3~ c^uno onc\j o\\o c\j c\j^ ononcMVD m 
rH c^^c\J ^^c7^Lr^c^Jco oo-=T cxjvovo c\j m^-oonc^^ooco^-^o o unonc--vo 
oc^oo cr^c^^oc^^ooc7^oc7^c^^c^^oc^^ocJ^c^^c^^c^^oo o o o a\ a\ 

rHOrHrHOOiHOi-HrHOiHOOOi—lOrHOOOOrHiHrHrHrHOO 



oncTMiAon^ rH c^^vD m^vDjrr oo c^invovc c^cMOO c\j onoo on^ c\j c\j o 
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APPENDIX D 

PROBABILITY OF A TYPE I ERROR, WEIBULL CASE (A=l, 6=3) 

Sample size 1 a=0.25 a=0.20 a=0.15 a=0.10 a=0.05 a=0.025 a=0.005 a=0.0005 

2 .2385* .1927/ .1'^76 .0968 . 0^91 .02^13 .0049 .0000 / 
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APPENDIX E 

PROBABILITY OP A TYPE I ERROR, WEIBULL CASE (X=2, 6=1) 

Sample size 1 a=0.25 a=0.20 a=0.15 a=0.10 a=0.05 a=0.025 a=0.005 a=0.0005 

2 . 1357 * . 1016 * . 0703 * . 0 ^ 4 ^ 44 * . 0222 * . 0111 * . 0020 * . 0000 / 
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APPENDIX F 

PROBABILITY OF A TYPE I ERROR, WEIBULL CASE (X=2, 6=2) 

Sample Size 1 a=0,25 a=0.20 a=0.15 a=0,10 a=0.05 a=0.025 a=0.005 a=0.0005 

2 .2065* .I6il3* .1217* . 0801 * . 0385 * . 019 I* .00^13 . 0000 / 
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APPENDIX H 

PROBABILITY OF A TYPE I ERROR, WEIBULL CASE (X=2, 6=3) 

Sample size 1 a=0,25 a=0.20 a=0.15 a=0.10 a=0.05 a=0.025 a=0.005 oi=0.0005 

2 .1360* .1018* .0703* .0222* .0112* .0020* .0000/ 



CXJrHOiHOOOOOOOOOOOOOOOOOOOOOOOOO 

00000000000000000000000000000 

oooooooooooooooooooooocoooooo 

00000000000000000000000000000 



^ «X« ♦X* *X* 

^ 5 ^ > 5 ^ ^T* # 1 ^ ^X^ ^v* ^X^ »T» •T* ^X^ ^X^ ^X^ ^X^ •'v* 

on i>- m on on^ c\j onc\j o oo onvocxji-n^ onunon^ ononLnc\j-=roo inir^ 
rHOOOOOOOOOOOOOOOOOOOOOOOOOOOO 
OOOOOOOOOOCOOOOOOOOOOOOOOOCOO 

00000000000000000000000000000 



4^ *X* *X* «X* «X* ^x« •X* xX* -X* ^x« *x* ^x* ^x* ^x* *x» ^x* ^x« *x» 

>X^ #X^ ^X^ #X* #T^ «^X^ ^X^ >X^ #x^ #X* •T* VX« > 5 ^ 

c\jt>-vD^ c\jooc\joovcvD(X)c^vDO. on c^vo oc r^onc^^vDC\J^Lnc^^ 
oD^ ononononon^^^^^ Lnvc^ LnLnLnijni:^t--vov£) \>-co ir\co \o 
0000000000000000000000000000 
0000000000000000000000000000 



*x* «x^ ^x- *X« «X- «»X- «X* «X> •>!« «x* ^X* ^x« ^x* •X* «x* «x« •x* «x« ^X- ^x* ^X* ^x* ^x* «*x* *x» 

^X^ ^X^ ^X^ ^X^ 4^ ♦T* VX^ #T* <rx^ ^5^ >X^ ^X^ VX^ •T* 

o on^ cxjovovDcxD^ t^mo. on^ o^ cxjotr^vc i-nt^-o^voLnuno 
-=TO ooojont— l-=ronvD-^L--ool>-ooa^oo^-l>-a^l— lOMnoojrHonon 

I — 1 I — I I — l I — li — IrHi — li — li — li — li — li — li — ii — li — li — IrHi — li — li — ICVi — IC\JC\JC\JC\JOJC\J 

0000000000000000000000000000 



^ «x^ *x* %X« *X* «X> vX« ^X« *st« «x* «x^ ^x« «x> «X« ^X« ^-4 ^x« «x« ^x« ^x« «x« ^x* ^x* «X* «x« ^x^ 

^x^ #T^ #T> ^x^ 4 ^ rj^ #T^ #f% #x^ #T% 4 ^ 4 ^ 4 ^ 4 ^ 4 ^ 4 ^ >x^ #T* »T> •X* 4 ^ VX^ 

onoD CO coco on^ i^-c^mvo inunoco t-\ on^ t^-inoo mon^ c\jvo a\\s\ 
i>^c\j mo fHvo^vDvo I— loi— ii>-rHont--^vovc rH rH rHonmmt-^mon 
ononm^^^^^^ mmmmmmmmmmvovDvc'O'vD^vrDVDvo 
0000000000000000000000000000 



^ «X* ^x^ *X* ^x^ ^x* ^X-4 *X* *X* *X* «x^ ^x^ ^x* ^X^ %X» ^x* ^X* ^X* ^X_4 * 4f^ ^x* <X* <X^ •Xf %Xf *x* 

^X^ #X^ Vx^ #T» VX^ Vx^ >X^ #T» # 1 % ♦T* ^X^ ^X^ ^X^ ^X^ ^X^ ^X^ ^X^ ^X^ ^X^ ♦T* •T^ ^T* 

I— ic\Joj rHvoo I— icorH CTC\j^-: 3 -vr)rHi— 1 ^ monmoj mvo cn o^,co r-\ C\J 
mrHmc\j-=T I— irHovDvo COCO cc \o mononmoniHoo cr.onvc^ mmtH 
vDt--i>^aDcommmmmmcnomoooootHooiHiHi— iiHrHrH 
OOOOOOOOOOOOfHOiHtHrHfHi—IrHrHiHiHfHiHiHiHiH 



oc\j o mc\J^ ontHcxj \>~co mvD mmoo rHonoD on 

voi:^^ rH mc\j c\j onmoD mmo mmrH^ rH r^-i— i rH^^ Ovi^-mmon 
o rH c\j onon^^^^^^^vo^ mmmvo mmvcvDvovovovDMDVD 

I — l rHt — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — If — irHi — IrHi — 1 ( — i 



rHoco^ onvo^ mmrH 
VOrHm^ 00 ^ miHi— 1 
mi>-i>-cxD mo mmo o 

I — IrHi — li — I i — lOJi — li — lOJOJ 



0 I >-0 C\J mi>-c^c--i>- 
o^^-=roc\ji>-onc\j 
OOrHOrHOOrHrH 
C\JC\JC\JC\JC\JC\JC\JC\JC\J 



m O rH I>- fH I>- 

mvOVDVO C\J rH onoD C\J 
I — Ii — Ii — li — IC\JC\JC\Ji — li — I 
C\JC\JC\JC\JC\JC\JC\JC\JC\JC\J 



on^ mvo 03 mo 



c\j on^ mvD 1:^03 m o iH c\j 

I — I rHrHrHi — IrHrHrHOJOJCXI 



on^ mvD t ^03 

C\J C\J C\J C\J C\J C\J 



m O rH 
c\j on on 



33 



135^ .1612* .1118* .0657* .0222* .0073 



I 




•1 





00 -=r iHOOOOiHCM 

oooooooo 
oooooooo 
• o o o o o o o 

O 

II 



I — I C\J I — I I — I o 

o o o o o o o 

o o o o o o o 

o o o o o o o 



^ "V 

CMOOOOiHOO 

oooooooo 

oooooooo 

oooooooo 



iHfHOOOiHCMOO 

oooooooo 

OOOOOOOO 

oooooooo 



I *J> *J * %4> %x> «4> %|> < 4># •X* 

Lj \ ^ •T^ »T» •T^ «ir» •T* «T^ »T^ »T» «T^ 

OV£)LnOOOiHt>-C\lt>-(\lt>--^^Ot>-MDa>O 00 O^ I>-^ iHOOC\lOnv£)OOC\l 
O^OnOOc\JC\JCMC\JC\liHC\JrHC\IC\lOnc\IC\JiHOniHC\lC\lC\JC\JC\lC\l(AlC\IC\l(AJC\l 
•OOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 

II 



oo 

II 

LT^ ^ ^ ^ ^ ^ ^ ^ ^ Hi Hi 

C\l^ t>-L£^00-^VD OJOO CM^OO ^-0 iH O rH O CT i— I t>--=r LHI^-VD (\|VD LnOOCMVO 

o awo -=T cn^ onooinm-^rvo^vD ltwo-^tvo-^tvo oovdoo intr^-oo tr^i>-D-^oovvO 

CM *1 — li — ii — li — ii — li — li — li — li — li — li — li — ii — ii — ii — ii — li — li — li — li — ii — li — li — li — ii — li — li — ii — li — li — I 

II ooooooooooooooooooooooooooooooo 

^ II 



w 

Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi 
< LnooLnt>^oocMonot>-Lr\oniHCMLnorHooi>-ono-^onrH^t>^-=TVvDoncMVCo 
O OOOOD CMOOOCnOO^-^VCMD-^ LTMO^ LTM>-VOVO CMCT>tr---=3-000 CT>CT>i— I OVO 

• c>ncY^(>^(>^oo(>^cv^on(>^cv^oncv^ooooononooooonononoooooo^ ooon^^ oo 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 



CQ 



x 

H 

Q 

w 

Pl, 

Pm 

< 



w 



QC 

o 

p:: 

PC 

W 

M 

W 

pL. 



0-^00^^ iHoooo^^ C 7 >iHcr>o-=r ooo tr^moocM oovo cr\o ooooc 7 ^o 

iHO LOiHOO LOC^iH LnOOVDOOC 7 >C\l-=d -00 iHCMCM I>-Cr> 0 ^ OOVO O OOOO 

•oo 0-0-00 0-000000 0-0000 0-00000000 0-cr>000000 COkC^OO o\oo oo 

ooooooooooooooooooooooooooooooo 

II 



H^ H* Hi Hi Hi Hi H^ Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi H^ Hi Hi Hi Hi Hi 

m iH VO o m crvvo ^ cr\^ ^ on^oovovooo (oviH iHvo ooo-o-(OViH LnLOcr\oo 

iHC\J(0Mn-^iHi:TCMiH0-Lr\OO OOVD -^CMrHOO-CMOOO^OOOCrvCFVOiH-=r 
• CM rHiHiHCMCMoncMCMOOonoooooncMOOooonoo cnj=r ooonoo^ onoo-=Ti=T cn 
O I — I I — ! I — I I — I I — ! I — i I — ! I — I I — ! I — I I — I I — I I — I I — I I — ! I — I I — ! I — I I — ! i — ! i — i i — ! i — ! i — ! i — ! i — ! i — ! i — i i — I i — ! 

II 



Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi Hi 
pH OVOO-MOOOCrvOO-=rCMVO-=rvOr-l CJ\-=r CJ\0--=r CMVO OOiH^ iHCMCM iHOO(OV{OVrH 
O CM-^-=r ooLno-=rcM(Ovoo^CMir^o-covo mcMCMOovoooooocMiH oooomiH^ 
•vo'vovovo to-o-oovo 0-00 00 0-00 00 o-oocooooooo (ovoooo cr\ o\ cr\oo 

X Oi — I i — Ii — Ii — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — I 

^ II 

M S 

M 

p::^ HiHiHiHiHiHiHiHiHiHiHiHiHi Hi'^^HiHiHiHi '%■ Hi 

< LOOO LO on (OVVO (OVOO OO ^ OO O- CM OOOO OO VO O ^ 0 - iH OO iH onvo <OV LO iH OO iH 
p::) CMVocMooooi— ioo^crvooLncMOLncMOcrviHLr\ooo-oooocMLnooLn^cr\ 

O •OiHi— liHCMCMOOiHCMOnonoO OO^ onOOOOOOOOOO^-=r^-: 3 -^-^-=r-:T on 

PC OCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCM 
Pm II 



•H 

<U 

tsl 



W 

CM on^ LOVO 0-00 crv o iH CM CnJ=T lovo 
d) I — Ii — Ii — li — li — li — li — I 



t>-00 OV O rH 
I — I I — I I — I CM CM 



CM on^ LiOVO 
CM CM CM CM CM 



0-00 C 7 \ O iH 
CM CM CM on on 



cd 

CO 



3 ^ 



335 



Ln^ 

o oLn-=r-=T LnoovTJJiToovD onojLnvD-=rc\i iH iH r~\^ ^ ont>-onvorHojvD-=rc\j 
ooooooooooooooooooooooooooooooc 
ooooooooooooooooooooooooooooooc 
•oooooooooooooooooooooooooooooo 

O 

II 



m ^ 

OOJfHC^OJ^LnOOOOCTs^COOjC—CrMHLnrH O^.-^TO IT\^ Cn\0 IT\^ ^ C^VDfH 
O on^^j:T^-:=r-=T-=T^^-:=r mon^^j:T-:=r-=T LT\-:=r^-:=r-=r^-::T-=r-:T 

•oooooooooooooooooooooooooooooc 
ooooooooooooooooooooooooooooooo 

II 

on 

ctim ^ 

c\jc:--c\ionooonvDt:-“a'. t:--t>-crNt:--VD o^onona^-=rooooor^o^-onoovD cnrHrH 
O-::rt:-- 0 n^-^-::T-:T 0 J-=T 0 n 0 J 0 nr^ 0 nc\l 0 nrHC^JC\lr^ 0 ^^-=Tr^C^J-^-:T 0 J 0 nVDC\i 

on *(nj(^(njc\j(^(nj(Ajc\j(^c\i(^oj(AJC\i(Aj(AJOJC\i(njrHc\ic\jc\jc\jc\jojc\jc\ic\jc\j 
II ooooooooooooooooooooooooooooooo 

^ II 

^ C 5 



w 

CO 

< 

o 

tD 

M 

w 

X '' 
M pi: 
Q O 
^ cr: 
w cc 
cu w 

<. M 

w 

Pw 



^ : 1 c 

m cTN-:=r mvD c3^onc^Joo-:=r-:T octmh iH cTNinono mvo iH-:t o-on 

o cjmhvd on[>-G^crvDC--c>j o^vr) VsCvd-=tvd t>-t>-c^^ono o--:t go cf^ go t>- rH go on 

• J=r \S\-=T -=T ^ -=T ^ ^ -=T ir\-=T ^ ■=T ^ -=T ■=T -=T ^ -=T -=T IT\^ ^ -=T ^ ■=T ^ [T\^ -=T 

ooooooooooooooooooooooooooooooo 
II 

'S. :|C 

o o VD o ( 3 ^-=r C5^ iH GO CO mco onco mc\j onm[>-onrHco t>-c\jvo cuvo 

rHCOC>--:=r 0-:=rC--rHC\lO-Ont>-C>-t>-0 rHa^VD^ C\J-::T OnCTNVO CTnOOCTnO C\J i— I-=T 

• c^^o^c^^o^o^CJ^o o^c^^o CJ^c^^c^^o CJ^o^o^c^^o ctno o^o^c^. o a^o o o 

OOOOOOOrHOOrHOOOrHOOOOrHOrHOOOrHOiHrHrHO 

II 

:*c :fc ^ :jc He 

Ln>-rH rH 0^00 rH OncO CTnC>-^^ OJ^COVD O^OnLr^t>--::T CTnCO iH OCO CAO 

rH CTnOO O O^OJ t>-C\jOO monCO^ t—\ cm CTnCOVD mCMOO ono r---=r^-:T-=TVD CM CJ\ 

• szr ^ ^ on-:T^ ir\j=x ^ ir\ ir\ cn^ ^ ^ mm-^r \s\ ir\ ir\\s\ ir\ 1 ^^=^ 

Oi — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — li — I I — ii — li — li — li — I 

II 

25 



^ He ^ He ^ 

pq Ot>-CX)CMOnCXDOVDrHOnvOCX)rHVDCMC:^VDOOOn[>-jq- rHCXDt>-VDOnCT\LnCMt>--=T 

o CM-=r^ O ^-rH^^CMO-COO^VDCMCM-=r ^HrHL^^COOno^L^^-=rCM Cn \>~\0 lf\ ITWC ^ 

•0^0^0^CXD(3^0^OC00^CT^0^, 0^0 O CD\ CD 0^0^00^0000 OOO O CD 0\ 
>H OrHrHiHrHrHrHCMrHrHiHrHrHCMCMrHCMrHrHCMrHCMCMCMCMCMCMCMCMCMrH 

B II 

M 25 

IH 

CQ 'N. He He He ^ 

<i; m (j-\cxD -:=r m iH VO o coco oh h loh onvococM mcovo t>-coco mcM ovon 
CQ CMOt^-on^^cMcocM mvo h c^-=r h m-=r -=r o-=rcM ctwo cxd [>-LnLn 

O .^on^on-=r-:TLn on^ Ln-=r-:=r Lnm-::T \s\^ \r\[S\\s\ir^[s\ir^\s\\s\\s\ur\ir\ir\-=T 
cc; OCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCM 

Ph II • 

25 



0 ) 

Isl 



CO 

CM c>n^ mvo ^-co cjno h cm cn^ unvo t>-cx) ctn o h cm cn^ mvo t>-co ctn o h 

CD HHHHHHHHHHCMCMCMCMCMCMCMCMCMCMOnon 



a 

B 

Cd 

CO 



35 



LIST OF REFERENCES 



1. Bartlett, M. S., "The Effect of Non-Normality on the 

t Distribution," Proceedings of the Cambridge Philo - 
sophical Society , V. 31 j p- 223-231> 1935. 

2. Bramhall, J. N. , A Comparison of Three Uniform Random 

Number Generators for the IBI''! 360 and Resultant Test 
Program , report prepared at Applied Physics Lab., 

John Hopkins University, 12 February 19^9 • 

3. Meyer, Paul L. , Introductory Probability and Statisti - 

cal Applications , p. 216 , Addison-V.'esley Publishing 
Co. , Inc. , 1965 • 

Naylor, T. H. , and others. Computer Simulation Tech - 
niques , p. 70-71> John Wiley and Sons, Inc . , I 966 . 

5. Ost le ,, Bernard , Statistics in Research , p. 113-11^> 

Iowa State University Press, I 963 • 

6. Pearson, E. S., "The Analysis of Variance in Case of 

Non-Normal Variation," Biometrika, V. 23, p. 114-133 j 

1931 . 



36 



INITIAL DISTRIBUTION LIST 

No. Copies 

1. Defense Documentation Center 2 

Cameron Station 

Alexandria, Virginia 2231^ 

2. Library, Code 0212 2 

Naval Postgraduate School 

Monterey, California 939^0 

3. Professor G. A, Tuck 1 

Department of Operations Analysis 

Naval Postgraduate School 
Monterey, California 939^0 

Department of Operations Analysis 1 

Naval Postgraduate School 
Monterey, California 939^0 

5. Capt. David. P. Allen 1 

North Center Street 
Perry, New York 1^530 



37 



y ! 















I 



UNCLASSIFIED 



DOCUMENT CONTROL DATA - R & D 



(Security classification of title, bodv of abstract and indexing annotation must be entered when the overall report is classified) 



1 originating activity (Corporate author) 



2a. REPORT SECURITY CLASSIFICATION 



Naval Postgraduate School 
Monterey, California 939^0 



Unclassified 

Up 



3 REPORT TITLE 



THE ROBUSTNESS OF THE STUDENT t TEST WHEN 
SAMPLING FROM A V/EIBULL DISTRIBUTION 



4 DESCRIPTIVE NOTES (Type of raporf and,inclusive dates) 

Master's Thesis; September 1970 

5 AUTHORiSi (First name, middle initial, la at name) 

David P. Allen, Captain, United States Marine Corps 



6 REPOR T D A T E 

September 1970 



7a, TOTAL NO. OF PAGES 

38 



7b. NO. OF REFS 

6 



ea. CONTRACT OR grant NO 



b. PROJ EC T NO. 



9a. ORIGINATOR’S REPORT NUMBER(S) 



95. OTHER REPORT NO(S| (Any Other numbera that may be assigned 
this report) 



d. 



10 DISTRIBUTION STATEMENT 

This document has been approved for public release and sale; 
Its distribution is unlimited. 



11. SUPPLEMEN T AR Y NOTES 



12 . 



SPONSO RING Ml LI T AR Y ACTIVITY 



Naval Postgraduate School 
Monterey, California 939^0 



13. ABSTRAC T 



When testing with the t-test, it is assumed that the 
sample under investigation is from a normal population. 

The purpose of this thesis is to examine the sensitivity 
of the t-test to violations of this normality assumption. 

A computer simulation was performed to draw sets of 10,000 
samples from an infinite V/eibull population. A t-test was 
performed on each sample to test the null hypothesis 
^o* ^ — '^o true mean of the V/elbull popu- 

lation. The number of times that H^ was rejected was 

recorded for all combinations of eight levels of signifi- 
cance, samples ranging in size from 2 to 31, and for values 
of the parameters of the distribution X = 1,2,3 and 
3 = 1,2,3, 



DD 



FORM 

1 NOV 65 



1473 



(PAGE I) 



UNCLASSIFIED 



S/N Ot 0) -807-681 1 



39 



Security Classification 



1-31408 




UNCLASSIFIED 



Securilv Classification 



KEYWORDS 


LINK A 


LINK B 


^ • N K C 


ROLE 


W T 


ROLE 


W T 


R O ^ E 


A 


ROBUSTNESS 
STUDENT t-TEST 
t-TEST 

VIOLATION OF NORMALITY 
ASSUMPTION 















D .ir.J473 UNCLASSIFIED 



^ 0^ 01 - 80 7-682 1 I| 0 Security Classification 



A - 3 1 4 0:# 



f 



( 



OCT 2 A 199A 



/ 



Thesis 

A3765 A Hen 

c.l The robustness of 

the student t test 
when sampling from 
a Wei bull distribution. 



thesA3765 

^,^®;°‘’‘'stnessofth^ student ti 




3 2768 000 98961 0 

DUDLEY KNOX LIBRARY 



